We show that the Wodzicki residue and the cut-off integral extend to classical symbol valued forms and that they obey a Stokes' type property. The extended Wodzicki residue can be interpreted as a complex residue like the ordinary one. In the case of cut-off integrals, Stokes' property (i.e. vanishing on exact forms) only holds for non integer order symbol valued forms and leads to an integration by parts formula and translation invariance for cut-off integrals on non integer order classical symbols. The extended Wodzicki residue yields an even residue cycle on classical symbols and an odd cochain (the cosphere cochain) which measures an obstruction to Stokes' property of the cut-off integral on integer order symbol-valued forms.
Introduction
We discuss generalisations of Stokes' property U dα = 0 for ordinary integrals of forms α with compact support (or tending to zero at infinity) in an open subset U of IR n to regularised integrals of classical symbol valued forms on an open subset of IR n . Although consequences of such a formula such as integration by parts and translation invariance for regularised integrals are commonly used in the physics literature to compute Feynman graphs, the only explicit reference we could find in the literature to Stokes' formula for regularised integrals is in [E] . Etingof considers dimensional regularisation which he applies to a class of functions relevant for physics, namely functions of Feynman type, proving Stokes' formula for corresponding regularised integrals of top degree forms. Here, we consider general regularisation procedures and all classical symbol valued forms, proving Stokes' formula with pseudodifferential theoretic tools; an essential obstacle to Stokes' formula turns out to be the Wodzicki residue extended to forms, to which we devote a large part of the paper.
The Wodzicki residue extended to classical symbol valued forms is the topic of the first part of the paper. It satisfies Stokes' property and therefore defines a 2ncycle on the algebra of classical symbols with compact support on an open subset U ⊂ IR n equipped with the left product of symbols * (Theorem 2). Its associated residue character reads:
(σ 0 , · · · , σ 2n ) → res (σ 0 * d σ 1 ∧ * · · · ∧ * d σ 2n )
where res is the extended residue and where ∧ * is the product on the graded differential algebra of classical symbol valued forms induced by the left product on symbols and d the exterior differentiation on T * U . It induces a 2n + 1-linear form on classical pseudodifferential operators of order 0 involving only their leading symbols.
The second part of the paper is devoted to cut-off integrals which we also extend to classical symbol valued forms. We show they obey Stokes' property when restricted to non integer order symbols with compact support (see Theorem 4). As a result, we get an integration by parts formula for cut-off integrals on non integer order symbols and show translation invariance for cut-off integrals on non integer order symbols. Stokes' property does not hold anymore on integer order symbol valued forms with compact support; as a result, one does not expect to define a cycle on the algebra of classical symbols using cut-off integrals. Rather, we express the obstruction to the cyclicity of a 2n-cochain defined in terms of cut-off integrals of symbols − T * U :
where the subscript 0 stands for the 0-order part of the symbol valued form, in terms of the cosphere 2n − 1-cochain defined in a similar way to the residue character (Proposition 3).
Finally, in the third part of the paper, we show that the relation between complex residues and the Wodzicki residue extends to symbols valued forms (Theorem 5):
where ω(z) is a holomorphic family of classical symbol valued forms of order α(z) and res(ω(z 0 )) the Wodzicki residue of ω(z 0 ). We also extend Stokes' formula to cut-off integrals of holomorphic families of symbol valued forms ω(z) obtained from a symbol valued form ω via a regularisation procedure (see Theorem 6):
In the case of dimensional regularisation and when applied to forms built from Feynman type functions, this corresponds to a result already proven in [E] .
Classical symbols valued forms
Let us first set some notations.
Let U be an open subset of IR n . Let S m (U ) ⊂ C ∞ (T * U ) denote the set of scalar valued symbols on U of order m ∈ IR, S(U ) := m∈ IR S m (U ) ⊂ C ∞ (T * U ) the algebra of all scalar valued symbols on U , S −∞ (U ) := m∈ IR S m (U ) the algebra of scalar smoothing symbols. We fix a euclidean norm on IR n . Let χ be a smooth function on T * U such that χ(x, ξ) = 0 for |ξ| ≤ 1/2 and χ(x, ξ) = 1 for |ξ| ≥ 1.
Definition 1 σ ∈ S m (U ) is a classical symbol if for any positive integer N we can write:
for any t > 0 and any (x, ξ) ∈ T * x U − {0}), and where σ (N ) is a symbol of order m − N − 1. This definition does not depend on the choice of euclidean norm on IR n . We write for short
Let CS m (U ) denote the class of scalar classical symbols of order m and CS(U ) = m∈ I C CS m (U ) the algebra generated by scalar classical symbols of all orders. Similarly, let CS m com (U ) denote the subsets of classical symbols of order m with compact support in U and CS com (U ) = m∈ I C CS m com (U ) .
) forms an alebra called the algebra of integer order symbols. We shall also consider its complement, namely the class
Recall the definition of the operator with left symbol σ where σ is a symbol of order m :
The left product σ * σ ′ of two symbols (of respective order m and m ′ ) is defined as the left symbol of the composition A σ • A σ ′ . It is given by the integral:
where σ ′ 1 stands for the Fourier transform of σ ′ with respect to the first variable. The left product admits the following asymptotic development:
(See for instance [Sh] for details).
Symbol valued forms on T * U where U is an open subset of IR n are defined as follows.
Definition 2 Let k be a non negative integer, m a complex number. We let
denote the set of order m-classical symbol valued forms.
The left product of symbols * extends to symbol valued forms: given
we set α∧ * β := I,J,|I|+|J|=k K,L,|K|+|L|=q
) be the algebra generated by classical symbol (resp. with compact support) valued k-forms of all orders. The sets Ω
Remark 1 • With these conventions, d ξ j is of order 1. Also, a k-form of order 0 reads α = |I|+|J|=k α I,J (x, ξ) dx I ∧ dξ J with α I,J of order −|J|.
• These definitions are independent of the coordinate system since a coordinate change does not modify the behaviour in ξ of the α I,J ; in particular it leaves the order unchanged.
• The order of a zero degree symbol valued form σ ∈ Ω 0 CS m (U ) coincides with the order of the corresponding classical symbol σ. to Ω k+1 CS m (U ) and for any integer j ≤ m, we have
Proof: The first part of the statement follows trivially from the description of α combined with the properties of ordinary classical symbols. As for the second part of the statement we write
which lies in Ω k CS(U ) since the order of ∂ ∂xm α I,J dξ m coincides with that of α I,J . The computation above also shows that if α is positively homogeneous of order m, so is d α, which ends the proof of the lemma.
⊔ ⊓ Remark 2 In particular, for α ∈ Ω CS(U ) we have:
2 The Wodzicki residue character on classical symbols 2.1 The Wodzicki residue extended to classical symbol valued valued forms
Let us first briefly recall the notion of Wodzicki residue on classical symbols [W] , [K] .
Definition 3 Let U be an open subset in IR n and x a point in U . The (local) Wodzicki residue density of a classical symbol σ ∈ CS(U ) at point x is given by
For any σ ∈ CS(U ) with compact support the Wodzicki residue of σ is then defined as:
We now extend the Wodzicki residue density from CS(U ) to Ω CS(U ). The form d S ξ can be seen as the interior product i X (Ω) of the volume form Ω := dx 1 ∧ · · · ∧ dx n ∧ dξ 1 ∧ · · · ∧ dξ n on T * U (associated with its canonical symplectic form) with the Liouville (or radial) field
This Liouville field can also be seen as the generator
of the one parameter semigroup of transformations of T * U :
We have the following lemma.
Lemma 2 A form α ∈ Ω CS(U ) is positively homogeneous of order zero if and only if it satisfies one of the two equivalent conditions:
1. the form can be written
with β, γ ∈ Ω(S * U ), and more precisely:
Proof: The second condition is equivalent to α(x, e t ξ) = α(x, ξ) ∀t > 0 and hence to positive homogeneity of order zero since:
.
For any β ∈ Ω(S * U ) the differential form ρ * β is invariant by dilations, hence positively homogeneous of order zero. The first condition then clearly implies that α is positively homogeneous of order zero, as dr r obviously is, hence (1) ⇒ (2). (2) is verified, and seek for β and γ such that 3 holds. As j * ( dr r ) = 0 and ρ • j = Id we clearly have:
Suppose now that
We have then proved the uniqueness of β and γ. To prove the existence, notice that the difference:
provides an example of positively homogeneous zero order symbol valued n-form and we have:
More generally, any zero order symbol valued k-form on U is of the type
Definition 4 Let U be an open subset of IR n . Denote by j x for any x ∈ U the injection of S * x U inside the cotangent bundle T * U . Given α ∈ Ω CS(U ) we set for any x ∈ U :
where γ 0 is the zero order homogeneous component of γ, and where γ is the form on T * U defined by:
if such a form exists, and γ := 0 otherwise. For α ∈ Ω CS com (U ) we set
The Wodzicki residue on forms relates to the Wodzicki residue defined on ordinary symbols as integrals on forms relate to integrals on functions. It is indeed easy to check that:
Lemma 3 For any σ ∈ CS(U ) with compact support we have:
Remark 4 It follows immediately from the definition that the Wodzicki residue vanishes on Ω k CS com (U ) for k < 2n.
Remark 5 We can give a more intrinsic definition of the Wodzicki residue density, namely:
where Λ stands for the volume element n! ∂ ∂x1 ∧ · · · ∧ ∂ ∂xn .
Stokes' formula for the Wodzicki residue
Theorem 1 For any β ∈ Ω CS(U ) with compact support we have res (dβ) = 0.
Proof: Using Cartan's formula, this follows from Stokes' property of ordinary integrals, since (dβ) 0 = d β 0 implies L X dβ 0 = 0, hence:
⊔ ⊓ We recover this way a known integration by parts formula for the Wodzicki residue which underlies the traciality property of the Wodzicki residue on classical pseudodifferential operators.
Corollary 1 For any σ ∈ CS(U ) with compact support,
Proof: Let τ ∈ CS(U ) with compact support. Applying Theorem 1 to β i τ := τ −n+1 (x, ξ) dξ 1 ∧ · · · ∧dξ i ∧ · · · ∧ dξ n we get
Applying this to τ := σ σ ′ yields the first part of the corollary. A similar proof replacing ∂ ∂ ξi by ∂ ∂ xi using Stokes' formula applied to β i τ := τ −n (x, ξ) dξ 1 ∧ · · · ∧ dx i ∧ dξ 1 ∧ · · · ∧ dξ n gives the second equality of the corollary.
⊔ ⊓ Corollary 2 The Wodzicki residue defines a trace on the subalgebra CS com (U ) ∈ CS(U ) of symbols with compact support in x
Proof: We use the asymptotic development of the left product of symbols. There exists a positive integer N such that :
Indeed, the remainder term will be of order < −n for sufficiently big N , and then will have vanishing residue. By the above lemma, we have for σ, σ ′ ∈ CS(U ) with compact support in U
⊔ ⊓

A Wodzicki residue cycle on zero order classical symbols
The exterior differential:
obeys the usual "Leibniz rule":
as can easily be checked from (1) and (2) so that (Ω CS com (U ), d) is a graded differential algebra with CS com (U ) equipped with the left product of symbols.
Theorem 2 Let CS com (U ) be equipped with the left product of symbols. The triple (Ω CS com (U ), d, res) yields an 2n-cycle which we refer to as the Wodzicki residue cycle.
Proof: As previously observed, the Wodzicki residue vanishes on Ω k CS com (U ) for k < 2n. It is closed by the Stokes' formula since res(dβ) = 0 for any β ∈ Ω 2n−1 CS com (U ). The fact that the ordinary Wodzicki residue defines a trace on CS com (U ) immediately implies: res(α ∧ * β) = (−1) |α|·|β| res(β ∧ * α) so that (Ω CS com (U ), d, res) defines a cycle. ⊔ ⊓ We call residue character the associated 2n-character (see Appendix A).
Definition 5 Let the residue k-cochain denote the k + 1-linear form on CS com (U )
for all σ 0 , · · · , σ k ∈ CS com (U ).
Residue k-cochains vanish for k < 2n and the residue character is the 2n-residue cochain χ res 2n . It satisfies the following properties (with the notations of Appendix A):
• B 0 χ res 2n = 0 and Bχ res 2n = 0, • b * χ res 2n = 0 where b * is the Hochschild coboundary operator associated with the left product on symbols.
Restricting to zero order symbols we get:
Proposition 1 For any symbols σ 0 , · · · , σ 2n ∈ CS 0 com (U ), χ res 2n (σ 0 , · · · , σ 2n ) = res(σ 0 dσ 1 ∧ · · · ∧ dσ 2n )
where σ L i stands for the leading symbol of σ i . Proof: The difference σ 0 * dσ 1 ∧ * · · · ∧ * dσ 2n − σ 0 dσ 1 ∧ · · · ∧ dσ 2n has clearly vanishing residue as top form of order ≤ −1. The result follows as the top order term (σ 0 dσ 1 ∧ · · · ∧ dσ 2n ) 0 is precisely Operators in these operator algebras have local symbols lying respectively in the symbol algebras CS(U ), CS Z Z (U ) in a local trivialisation of M on U . Although global symbols are only locally defined, leading symbols are globally defined and we have:
Theorem 3 The Wodzicki residue character χ res n induces a (2n + 1)-linear form on Cℓ 0 (M ) defined by:
independently of the choice of local representative of the symbol σ Ai of A i . This multilinear form writes:
In particular, χ 0 n satisfies the following properties:
where b is the Hochschild coboundary for the product of operators,
• Bχ 0 n (A 1 , · · · , A 2n ) = 0 for any A 0 , · · · , A 2n+1 ∈ Cℓ 0 (M ).
Proof:
The identification together with the independence of the choice of representative of the local symbol follow from the previous proposition which shows that the Wodzicki residue Chern character can be expressed in terms of the mere leading symbols which are globally defined. The properties of χ 0 n then follow from the fact that the residue character is a closed cyclic cocycle.
⊔ ⊓ 3 Cut-off integrals of symbol valued forms and cosphere cochain
Cut-off integrals of classical symbols
Defining cut-off integrals amounts to extracting finite parts from otherwise divergent integrals, a procedure which we recall here in the case of ordinary classical symbols [H] , [G] , [W] , [KV] .
Proposition 2 Let U be an open subset of IR n and let
The finite part called the cut-off integral of σ(x, ·) which is given by the constant c(x) reads:
The constant b(x) coincides with the local Wodzicki residue density res x (σ). When it vanishes, the finite part fp R→∞ B * x (0,R) σ(x, ξ) dξ is independent of the rescaling R → λR. Specifically, this holds for non integer order symbols.
Remark 6 This cut-off integral extends the ordinary integral in the following sense; if σ has order smaller than −n then B *
We drop the explicit mention of x in the proof and identify T * x U with IR n . We also write B(0, R) instead of B * x (0, R) and S(0, 1) instead of S * x U . Using the splitting σ = N i=0 χ σ m−i + σ (N ) , we first split the expression
The integral on B(0, 1) converges, as well as the last term if N is chosen big enough. We want to investigate the integrals on D(1, R) arising in the middle sum (here D(r, R) stands for B(0, R) − B(0, r) for r < R). We have
We distinguish two cases:
• m − i + n = 0 in which case we get
Combining these different cases we get:
Extracting the finite part yields fp R→∞
Changing R to λR introduces an extra finite part (Logλ) S(0,1) σ −n (ξ) dξ, which vanishes whenever res(σ) = |ξ|=1 σ −n (ξ) d S ξ = 0. ⊔ ⊓
Cut-off integrals extended to classical symbol valued forms
Let U be an open subset in IR n . Just as the ordinary Lebesgue integral extends to forms, the cut-off integral on T * U extends to any classical symbol valued forms. The notation B(0, R) now stands for the subbundle of T * U the fibers of which are balls of radius R, namely:
The top degree component of any form α ∈ Ω k CS(U ) writes :
where dx ∧ dξ stands for the canonical volume form on T * U , and where α max is a classical symbol.
Definition 6
The cut-off integral on T * x U of a form α ∈ Ω k CS(U ) with compact support in x is defined by:
It clearly vanishes on forms of degree < 2n. As in the case of ordinary integrals, we recover the cut-off integral on symbol valued functions σ ∈ CS / ∈Z Z (U ) via the integral on forms by integrating the top form σ(x, ξ) dx ∧ dξ setting:
where the right hand side is now seen as a cut-off integral on a symbol valued form.
Similarly to ordinary integrals, cut-off integrals on forms satisfy Stokes' property.
Theorem 4 where m I,J / ∈ Z Z is the order of β I,J . ⊔ ⊓ As a consequence, cut-off integrals on non-integer order symbols satisfy an integration by parts formula:
Proof: Applying Stokes' formula to β := σ(x, ξ) dξ 1 ∧ · · · ∧dξ i ∧ · · · ∧ dξ n ∧ dx 1 ∧ · · · ∧ dx n we have:
This last term vanishes whenever σ has non integer order. ⊔ ⊓ The integration by parts formula yields translation invariance of cut-off integrals on non integer order symbols.
Corollary 4 For any
Proof: A Taylor expansion η → σ(ξ + η) in η at 0 yields, for any x ∈ U , the existence of some θ ∈]0, 1[ such that:
Since σ has non integer order symbol, neither has D α σ an integer order. After integrating over U , the terms corresponding to |α| = 0 vanish by the integration by parts formula, as a result of which we are left with the |α| = 0 term and 
Since ψ k vanishes for k < 2n − 1, we shall focus on ψ 2n−1 . We introduce a cochain on CS com (U ) built from cut-off integrals of classical symbol valued forms:
Definition 8 For any σ 0 , · · · , σ k ∈ CS com (U ) we set
Remark 7 χ cut−off k vanishes for k < 2n so that we focus on the 2n-cochain χ cut−off 2n . By Stokes' formula for cut-off integrals on non integer order symbol valued forms, we have (with B 0 as in Appendix A):
whenever the sum of the orders of the σ i 's is non integer. However, χ cut−off 2n is not cyclic in general; the obstruction to its cyclicity is measured by the cosphere cochain.
(1, σ 0 , · · · , σ 2n−1 ) = ψ 2n−1 (σ 0 , · · · , σ 2n−1 ) for any σ 0 , · · · , σ 2n−1 ∈ CS com (U ). It vanishes whenever the σ i 's have orders which sum up to a non integer.
Proof:
The Wodzicki residue extended to forms as a complex residue
We first recall how the ordinary residue density on symbols can be interpreted as a complex residue via cut-off integrals of symbols.
The Wodzicki residue density on symbols as a complex residue
Recall that given an open subset U ⊂ IR n (resp. an n-dimensional manifold M ), for any real number m the class CS m com (U ) of classical symbols of order m with compact support on U (resp. of classical symbols of order m) can be equipped with a natural Fréchet topology so that m∈ IR CS m com (U ) comes equipped with an inductive limit Fréchet topology. We first recall the notion of holomorphic regularisation (see e.g. [P] for a review of various regularisations):
where we have written α(z) = α(0) + α ′ (0).z + o(z). As a consequence, we have that:
Res z=0 − ⊔ ⊓ This result extends to classical symbol valued forms.
Cut-off integrals of holomorphic families of symbol valued forms
Definition 11 A holomorphic regularisation procedure on Ω CS(U ) is a map R : Ω C com (U ) → Ω Hol (CS com (U )) ω → ω(z) where 1. The space C n (A, R) of R-valued n + 1-linear forms on A corresponds to the space of n-cochains on A. Equivalently, these spaces can be seen as spaces of R-multilinear n-forms on A with values in the R-algebraic dual A * , seen as an A-bimodule, where for χ ∈ A * we put a ′ χ(a)a ′′ = χ(a ′′ aa ′ ).
Following [C] we define the operators B 0 and B acting on cochains:
Definition 13 Let B 0 : C n (A) → C n−1 (A) χ → B 0 χ(a 0 , · · · , a n−1 ) := χ(1, a 0 , · · · , a n−1 ) − (−1) n χ(a 0 , · · · , a n−1 , 1).
Let B := A B 0 where A denotes cyclic antisymmetrisation in all variables so that Bχ(a 0 , · · · , a n−1 ) = n−1 i=0 (−1) i χ(1, a i , a i+1 , · · ·)−(−1) n n−1 i=0 (−1) i χ(a i , a i+1 , · · · , a i−1 , 1)
One can check that B 2 = 0 so that B defines a homology on C • (A) [C] .
Definition 14 The Hochschild coboundary for the product ⋆ of an n-cochain χ is defined by:
b ⋆ χ(a 0 , · · · , a n+1 ) = n j=0 (−1) j χ(a 0 , · · · , a j ⋆a j+1 , · · · , a n+1 )+(−1) n+1 χ(a n+1 ⋆a 0 , · · · , a n ).
It satisfies the condition b 2 ⋆ = 0 and hence defines a cohomology called the Hochschild cohomology of (A, ⋆).
Definition 15 An n-dimensional cycle is given by a triple Ω, d, where Ω is a graded differential algebra on I C equipped with the differential d such that d 2 = 0 and
: Ω n → I C is a closed graded trace i.e. is a linear map which, when extended to Ω by 0, satisfies α ∧ β = (−1) |α|·|β| · β ∧ α, dβ = 0 ∀ β ∈ Ω n−1 (A).
An n-cycle on an algebra A on I C is a cycle (Ω, d, ) together with a homomorphism ρ : A → Ω 0 . The character χ n of an n-cycle is defined by: χ n (a 0 , · · · , a n ) = ρ(a 0 ) dρ(a 1 ) · · · dρ(a n ) ∀a i ∈ A.
Let us also recall that the character of a cycle has the following properties:
1. χ n is cyclic i.e. χ n (a 0 , · · · , a n ) = (−1) n χ n (a 1 , · · · , a n , a 0 ), ∀a i ∈ A 2. χ n (1, a 1 , · · · , a n ) = 0 ∀a i ∈ A.
3. b χ n = 0 where b is the Hochschild coboundary associated with the product on A.
